Mean values of Mordell-Tornheim double zeta-functions (Analytic Number Theory : Arithmetic Properties of Transcendental Functions and their Applications) by 岡本, 卓也 & 小野塚, 友一
Title
Mean values of Mordell-Tornheim double zeta-functions
(Analytic Number Theory : Arithmetic Properties of
Transcendental Functions and their Applications)
Author(s)岡本, 卓也; 小野塚, 友一




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Mean values of Mordell-Tornheim double
zeta-functions
Takuya Okamoto
College of Science and Engineering, Ritsumeikan University
Tomokazu Onozuka
Graduate School of Mathematics, Nagoya University

















Matsumoto, Tsumura [5] Euler-Zagier 2
2
Mean values of the Euler-Zagier double zeta-function.
$s_{1},$ $s_{2}\in \mathbb{C}$ Euler-Zagier 2
$\zeta_{EZ,2}(s_{1}, s_{2})=\sum_{m,n=1}^{\infty}\frac{1}{m^{s_{1}}(m+n)^{s_{2}}}$
$\Re(s_{2})>1,$ $\Re(s_{1}+s_{2})>2$ $\mathbb{C}^{2}$
([4]). Akiyama, Egami, Tanigawa [1] true singularities
$s_{2}=1,$ $s_{1}+s_{2}=2,1,0,$ $-2,$ $-4,$ $\cdots$
2 Euler-Zagier 2 Lindel\"of
Nakamura, Pa\’{n}kowski [6] $\zeta_{EZ,2}(1/2+it, 1/2+it)=O(t^{\epsilon})$
$s_{1}=1/2+it_{1},$ $s_{2}=1/2+it_{2}$







$D_{1}$ Euler-Zagier 2 Lindel\"of
Matsumoto, Tsumura $D_{1}$ 3
Euler-Zagier 2 $\Re(s_{2})>$
$1,$ $\Re(s_{1}+s_{2})>2$ 2
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Mean values of the Mordell-Tornheim double zeta-function.
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$s_{1},$ $s_{2},$ $s_{3}\in \mathbb{C}$ Mordell-Tornheim 2
$\zeta_{MT,2}(s_{1}, s_{2};s_{3})=\sum_{m,n=1}^{\infty}\frac{1}{m^{s_{1}}n^{s_{2}}(m+n)^{s_{3}}}$
$\Re s_{1}+\Re s_{3}>1,$ $\Re s_{2}+\Re s_{3}>1,$ $\Re s_{1}+\Re s_{2}+\Re s_{3}>2$
([7] Theorem 2.2). $\mathbb{C}^{3}$ ([4]).
Mordell-Tornheim 2 Euler-Zagier 2
$\zeta_{MT,2}(s_{1},0;s_{3})=\zeta_{EZ,2}(s_{1}, s_{3})$
Mordell-Tornheim 2 Lindel\"of
Matsumoto, Tsumura [5] Euler-Zagier 2
1
Okamoto, Onozuka Mordell-Tornheim 2 2
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$\sigma_{1}+\sigma>1,$ $\sigma_{2}+\sigma>1,$ $\sigma_{1}+\sigma_{2}+\sigma>2,$ $t\geq 2$ $\mathcal{S}_{1},$ $S_{2},$ $S\in \mathbb{C}$
$\int_{2}^{T}|\zeta_{MT,2}(s_{1}, s_{2};s)|^{2}dt=\zeta_{MT,2}^{[2]}(s_{1}, s_{2};2\sigma)T+O(1) (Tarrow\infty)$
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$s\in \mathbb{C}$ $1/2<\sigma_{2}+\sigma\leq 1,$ $\sigma_{1}+\sigma_{2}+\sigma>2,$ $\sigma_{1}>1,$ $\sigma_{2}\geq 0,$ $\sigma>0,$ $t_{2}\geq$





$s\in \mathbb{C}$ $\sigma_{1}+\sigma>1,1/2<\sigma_{2}+\sigma\leq 1,3/2<\sigma_{1}+\sigma_{2}+\sigma\leq 2,1/2<\sigma_{1}<$
$3/2,$ $\sigma_{2}\geq 0,$ $\sigma>0,$ $t_{2}\geq 0,$ $t\geq 2$ $t$ 2 $T$
$(s_{1}, s_{2}, s)$ $s_{2}+s=1$ $s_{1}+s_{2}+s=2$
$\int_{2}^{T}|\zeta_{MT,2}(\mathcal{S}_{1}, s_{2};s)|^{2}dt=\zeta_{MT,2}^{[2]}(s_{1}, s_{2};2\sigma)T$
$+\{\begin{array}{ll}O(T^{4-2\sigma_{1}-2\sigma_{2}-2\sigma}\log T)+o(\tau^{1/2}) (1/2<\sigma_{1}<1,1/2<\sigma_{2}+\sigma<1)O(T^{2-2\sigma_{1}}(\log T)^{2})+o(\tau^{1/2}) (1/2<\sigma_{1}<1, \sigma_{2}+\sigma=1)O(T^{2-2\sigma_{2}-2\sigma}(\log T)^{3})+o(\tau^{1/2}) (\sigma_{1}=1,1/2<\sigma_{2}+\sigma<1)o(\tau^{1/2}) (\sigma_{1}=1, \sigma_{2}+\sigma=1)O(T^{2-2\sigma_{2}-2\sigma}\log T)+o(\tau^{1/2}) (1<\sigma_{1}<3/2,1/2<\sigma_{2}+\sigma<1)\end{array}$
$(Tarrow\infty)$
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$\zeta_{MT,2}(S_{1}, S_{2}, \mathcal{S})=\sum_{m=1}^{\infty}\sum_{n\leq x}\frac{1}{m^{s_{1}}n^{s_{2}}(m+n)^{s}}+\frac{x^{-s_{2}+1}}{s_{2}+s-1}\sum_{m=1}^{\infty}\frac{1}{m^{s_{1}}(m+x)^{s}}$
$+ \frac{s}{s_{2}+s-1}\sum_{m=1}^{\infty}\frac{1}{m^{s_{1}-1}}\int_{x}^{\infty}\frac{dy}{y^{s_{2}}(y+m)^{s+1}}$
$+\{\begin{array}{ll}O(x^{-\sigma_{2}-\sigma}) (\sigma_{1}>1)O(x^{-\sigma_{2}-\sigma}\log x) (\sigma_{1}=1)O(x^{1-\sigma_{1}-\sigma_{2}-\sigma}) (\sigma_{1}<1) .\end{array}$
$\mathcal{S}_{1},$ $s_{2},$
$s\in \mathbb{C}$
$x\geq 1$ $a= \max\{1, |t_{2}|\}$ $x=at$
(Mellin-Barnes ),
$\zeta_{MT,2}(s_{1}, s_{2}, s)=\sum_{rn=1}^{\infty}\sum_{n\leq at}\frac{1}{m^{s_{1}}n^{s_{2}}(m+n)^{s}}+\{\begin{array}{ll}O(t^{-\sigma_{2}-\sigma}) (\sigma_{1}\neq 2)O(t^{-\sigma_{2}-\sigma}\log t) (\sigma_{1}=2)\end{array}$
1
$\int_{2}^{T}|\zeta_{MT,2}(s_{1}, s_{2}, s)|^{2}dt=\int_{2}^{T}|\Sigma_{1}(s_{1}, s_{2}, s)+E(s_{1}, s_{2}, s)|^{2}dt$
$= \int_{2}^{T}|\Sigma_{1}(s_{1}, s_{2}, s)|^{2}dt+O(\int_{2}^{T}|\Sigma_{1}(s_{1}, s_{2}, s)E(s_{1}, s_{2}, s)|dt)$
$+O( \int_{2}^{T}|E(S_{1}, \mathcal{S}_{2}, \mathcal{S})|^{2}dt)$
$\Sigma_{1}(s_{1}, s_{2}, s),$ $E(s_{1}, s_{2}, s)$
2
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$\int_{2}^{T}|\Sigma_{1}(s_{1}, s_{2}, s)|^{2}dt=\zeta_{MT,2}^{[2]}(s_{1}, s_{2},2\sigma)T$
$+\{\begin{array}{ll}O((\log T)^{2}) (\sigma_{2}+\sigma=1)O(T^{2-2\sigma_{2}-2\sigma}\log T) (1/2<\sigma_{2}+\sigma<1)\end{array}$
2
$O( \int_{2}^{T}|E(s_{1}, s_{2}, s)|^{2}dt)=O(1)$
$\int_{2}^{T}|\Sigma_{1}(s_{1}, s_{2}, s)E(\mathcal{S}_{1}, s_{2}, s)|dt$
$\ll(2^{T}|\Sigma_{1}(s_{1}, s_{2}, s)|^{2}dt)^{1/2}(2^{T}|E(s_{1}, s_{2}, s)|^{2}dt)^{1/2}=O(T^{1/2})$
2
3
$\int_{2}^{T}|\Sigma_{1}(s_{1}, s_{2}, s)|^{2}dt=\zeta_{MT,2}^{[2]}(s_{1}, s_{2},2\sigma)T+O(E(T))$
2
$E(T)$
$E(T)=\{\begin{array}{ll}T^{4-2\sigma_{1}-2\sigma_{2}-2\sigma}\log T (1/2<\sigma_{1}<1,1/2<\sigma_{2}+\sigma<1)T^{2-2\sigma_{1}}(\log T)^{2} (1/2<\sigma_{1}<1, \sigma_{2}+\sigma=1)T^{2-2\sigma_{2}-2\sigma}(\log T)^{3} (\sigma_{1}=1,1/2<\sigma_{2}+\sigma<1)(\log T)^{4} (\sigma_{1}=1, \sigma_{2}+\sigma=1)T^{2-2\sigma_{2}-2\sigma}\log T (1<\sigma_{1}<3/2,1/2<\sigma_{2}+\sigma<1)\end{array}$
2
3
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